In recent years we have witnessed an explosion of data collected for different human dynamics, from email communication to social networks activities. Extract useful information from these huge data sets represents a major challenge. In the last decades, statistical regularities has been widely observed in human activities and various models have been proposed. Here we move from modeling to inference and propose a statistical framework capable to predict global features of human activities from local knowledge. We consider four data sets of human activities: email communication, Twitter posts, Wikipedia articles and Gutenberg books. From the statistics of local activities, such as sent emails per senders, post per hashtags and word occurrences collected in a small sample of the considered dataset, we infer global features, as the number of senders, hashtags and words at the global scale. Our estimates are robust and accurate with a small relative error. Moreover, we predict how abundance of a hashtag or of a word may change through scales. Thus, observing a small portion of tweets and the popularity of a given hashtag among them, we can estimate whether it will remain popular or not in the unseen part of the network. Our approach is grounded on statistical ecology as we discover inference of unseen human activity hallmarks can be mapped into the unseen species problem in biodiversity. Our findings may have applications to different areas, from resource management in emails to collective attention monitoring in Twitter and to language learning process in word databases.
In ecology one of the most studied emerging pattern is the Relative Species Abundance (RSA), that gives the fraction of species with the same number of individuals. Various ecosystems as tropical forests or coral reefs [30, 31, 24, 28] , despite their disparate locations and different evolutionary history, share a common shape of their empirical RSA (see Figure 1 ). Through years such an ubiquity encouraged ecologists to develop several recipes to determine large scale RSA features from local information and diverse methods to estimate the number of species populating an ecosystem from knowing species abundances in a small portion of that ecosystem [10, 12, 4, 24, 21] .
To figure the importance of such a challenge in ecology, let us recall that more than two-fifths of the number of worldwide trees can be found either in tropical or in subtropical forests, but only 0.000067% of species identities are known as very small portions of these forests have been sampled. For instance, only the 0.00016% of trees of the Amazon forest has been surveyed [25, 24, 13] . Recently [28, 27] , it has been developed a rigorous statistical framework able to predict global scale biodiversity from scattered local plots. In the present paper we extend and generalize such a framework to human activity patterns and discuss the potential applications. In particular, we consider four datasets of human activities: e-mail communication [7, 8] , Twitter posts, Wikipedia articles and Gutenberg books [29] . Statistical regularities in human dynamics have been widely observed in many different contexts and to understand such recurrent patterns a variety of models mainly grounded on statistical physics approaches have been proposed [3, 1, 18, 17, 15, 2, 16, 34, 26, 9, 5, 11, 33] . In the present work we move from modelling to inference. Our procedure is able to extract information at global scale starting from partial knowledge of the considered data sets. As as illustration of our ecological approach, of its potentiality and of the kind of results it can provide, we begin with e-mail communication. The first step is to state what are the analogous of the species and individuals of a species in the email dataset. We consider the senders activity network where each node is a user and a directed link from node A to node B represents an email issued from user A to user B. We set the identity of a sender to label the species and the number of sent emails to be the individuals pertaining to a species. Thus, for instance, if user A has sent n emails we say that the species A has n individuals. Suppose an observer have access to a small sample of sent emails, or, equivalently, to partial information on links and nodes of the email communication network. Our approach is capable to infer the number of nodes (i.e. the number of users) and the statistics of links of the whole network, thus revealing features of the dynamics previously unknown to the observer (see Figure 2 ). In a similar manner, it is possible to set a correspondence between ecological species/individuals and human activities for the three other considered datasets. In the Twitter database, hashtags play the role of species and the number of different tweets containing a certain hashtag represents its population size. In Twitter and in social networks in general, popularity is known to be relevant, for instance, to manipulate mass opinion or to share information. One way to measure the popularity of a hashtag is to count the number of times the hashtag, appears in other users' tweets. In our ecological interpretation, a hashtag represents a species, while the number of posts associated to it, gives the species' abundance. Therefore, in order to monitor the attention obtained by a hashtag, one should check which is position it reached along the RSA. In particular, if the species a given hashtag represents comes to be part of the right tail of the distribution, it means that the wished goal has been reached, since it constitutes one of the community dominant species, whereas if it comes to fall at the left tail of the RSA, it represents a hyper-rare species, thus not having received the wished attention. For Wikipedia pages and Gutenberg book collection, throughout the paper we use the following settings: each word is a different species while its abundance is given by the number of occurrences of that word in the dataset (see Figure 1 ). Once it has been defined what are species and individuals of a species in each of the four human activities considered, our ecological perspective gives the following results:
• RSA universality and form invariance. In each one of the mentioned dataset the RSA of the whole dataset (i.e. at scale p = 1) turns out to be heavy tailed with exponent between -1.8 and -1.4 (see Figure 3 ). Moreover, the power law exponent is maintained at different scales. With this we mean that when a portion of a database individuals are randomly sampled, the resulting RSA is still heavy tailed showing the same exponent as of the whole dataset (see Figure 3 ). We refer to this property as form invariance of the RSA (see Supplementary Section S2.3).
• Inference of unseen human activities. On the scale invariance property of the RSA we build a statistical framework that gives robust and accurate estimates for the number of email senders, Twitter hashtags, Wikipedia pages and Gutenberg books from a random sample of sent mails, posts, word occurrences (see Table 1 ). Moreover, we can infer how abundance of a species may change through scales (see Table 2 ). This for example means that, observing a small portion of tweets and the popularity of a given hashtag among them, we can predict whether it will remain popular or not in the unseen part of the network. We refer to the inference of global quantities of interest from local information as upscaling.
Finally, our framework predicts how the number of users/hashtags/words grows with the activity (mails/posts/pages/books) recorded, which represents another well known pattern in ecological theory called the Species-Accumulation Curve (SAC) (see Figure 2 ).
In the following we give the key steps of our upscaling framework. Denote with N the population size and with S the number of species (i.e. senders, hashtags, words) of the whole database. Given a scale p * ∈ (0, 1), consider a random sample of size p * N in which we recover S p * ≤ S species. In the following we denote by P (n|p * ) the fraction of species with n individuals at scale p * , i.e. the sample RSA. We assume that, at the global scale p = 1, P (n|1) is proportional to a negative binomial distribution, P(n|r, ξ), with parameters r ∈ (−1, +∞) and ξ ∈ (0, 1):
where the normalizing factor c(r, ξ) = 1/(1 − (1 − ξ) r ) takes into account that each of the S species consists of at least one individual at the global scale. RSAs given in (1) have the following features: 1) values of r ∈ (−1, 0) reflect in a heavy-tailed behavior of the RSAs, which well describes the observed patterns in human activities (see Supplementary Figure S1 ). Indeed, the right tail of (1) has the form n 1−r exp(n log ξ) (see Supplementary Section S2.2) . The exponent α = 1 − r matches very well with the empirical data (see also Figure 3) . The exponential cutoff disappears in the limit ξ → 1, for which (1) describes a pure power-law tail behavior. 2) Distribution (1) is form invariant, meaning that the RSA P (n|p) maintains the same functional form at different scales p (see Supplementary Section 2.3), property observed in the empirical RSA of all the four databases (see Figure 3 ). In mathematical terms, the RSA at any scale p is again proportional to a negative binomial with same r and rescaled parameter ξ p = pξ/(1 − ξ(1 − p)).
Properties 1) and 2) are the building blocks of our predictive statistical framework. Our goal is to infer the total amount of species S (senders, hashtags, words) in the complete database given the number of species S p * observed in a sample at scale p * and their corresponding abundance (number of mails, posts, occurrences). From this limited information, we can construct the empirical values of the RSA, P (n|p * ), and fit it to obtain the estimatesr andξ p * of the parameters that best capture the behavior of our data (henceforth we will denote with· our estimation of any parameter ·). That, in turn, thanks to the form-invariance property, gives the value of the global parameterξ via eq. (2). Observe that the probability that a given species present at p = 1 is missing at p < 1 corresponds to the fraction of non-observed species (S − S p )/S. This value must be equal to P (0|p) = 1 − c(r, ξ)/c(r, ξ p ), the probability for a species to have zero population in a sample of size pN (see Supplementary section 2.4). Thus:
where the approximation is obtained by the definition of c(r, ξ) and expressingξ as a function of ξ p * by inverting eq. (2).
To test the reliability of estimator (3), we extracted, from each dataset, ten sub-samples each covering a fraction p * = 5% of the databases' individuals (sent emails, posted hashtags, occurrences of words), and we inferred the total number of species (email senders, posted hashtags in Twitter data and different words in Wikipedia pages and Gutenberg books) from the empirical RSA constructed at p * = 5%. The average relative upscaling error is small in all four cases: about 0.1% for sent Emails, 3% for Twitter hashtags, 6% for Wikipedia words and -2% for Gutenberg words (See Table 1 ). In Table 1 we report the average values of the fitted parameters together with the average relative percentage error between the predicted number of species,Ŝ, and the true one, S.
The second innovation that we introduce in our work is a method to estimate the variation of popularity, a fundamental concept arising naturally when investigating human dynamics [20, 22, 36, 35, 23, 14] . Indeed, until now we studied the distribution of the abundances of the observed species at the local scale, but we estimated only the number of unseen species, disregarding of their abundances. Instead, abundance information is essential if one is interested, for example, in finding the most active users of the e-mail network or in the commonest words in a book or in the popularity of a hashtag in Twitter database. In particular, focusing on this last example, popularity of a hashtag is proportional to the number of posts containing it that come to circulate within the network thanks to other users tweets. This information is contained in the RSA pattern. Indeed, species with low population (i.e. hashtags posted a low number of times) are those positioned in the left side of the curve, whereas species with high abundances (i.e. hashtags posted a high number of times) are located in its right tail. Our goal now is to build an estimator for the change in popularity of hashtags from a portion p * of observed tweets to the remaining 1 − p * tweets. Let us thus denote with L a fixed threshold of posts above which we consider an hashtag popular at the sampled scale p * and let us indicate with S p * (≥ L) the number of species having abundance at least L in the surveyed collection of posts. We wish to check whether these (locally) popular species result to be popular also in the unseen fraction of the network, 1 − p * . Let us then denote with K the fixed popularity threshold at the unsurveyed scale. We are looking for an estimator of the number of species having abundance at least K in the 1 − p * unseen part of the tweets, given that they have abundance at least L at scale p * . These species, which we denote witĥ S 1−p * (≥ K| ≥ L) are therefore globally popular within the network. From our theoretical framework, we derive an estimator of such a quantity (See Supplementary Section S2.5). We define S p * (l) the number of species having abundance exactly l at scale p * and S 1−p * (k|l) the number of species having abundance exactly k at scale 1 − p * given that they have abundance exactly l at scale p * . Then an estimator of S 1−p * (k|l) can be obtained via the following (see Supplementary Section S2.5 for details)):
An estimator forŜ 1−p * (≥ K| ≥ L) can thus be obtained by summing up (4) for all k ≥ K and for all l ≥ L. We tested the above estimator by fixing the (arbitrary) value of the threshold L equal to 25 and varying the value of K in the (arbitrary) range from 219 to 548 for ten sub-samples of Twitter database (for different choices of L and K see Supplementary Section S3.2). The average errors obtained in the predictions are displayed in Table 2 . For all the considered cases, we achieved very good estimates, with an average relative percentage error below 0.2% in absolute value.
To conclude, we presented a statistical framework unifying upscaling in ecology and human activities. We tested our method in four databases: email senders activity, Twitter hashtags, words in Wikipedia pages and Gutenberg books. Once set the correspondence to what we consider species and individuals of a species, our approach reveals that the RSA is scale-free in each mentioned dataset with an heavy-tailed form maintained at different scales -with roughly the same exponent -through the different human activities considered (see Figure 3 ). This forminvariant property allows for a successful implementation of our predictive statistical framework. However, the heavy tail of the observed RSA cannot be captured by a standard negative binomial distribution with r ∈ R + . Nevertheless, such behaviours can be accommodated when allowing the clustering parameter r to take negative values, r ∈ (−1, 0) (see Supplementary Section S2.2 and Supplementary Figure S1 ). This allows us to exploit form invariance to build estimator of unseen human activities from random samples. In particular, from the statistics of activities (sent emails per senders, post per hashtags, word occurrences) at local scale, we infer the number of species (number senders, hashtags, words) at the global scale. Also we predict how popularity of species changes with scale. An issue of evident importance when thinking of social networks like Twitter. Finally, we compare our estimate with the true known value and in all the four databases considered the relative error is small (see Table 1 , Table 2 and Supplementary Section S3.1). This result confirms the ability of the theoretical method to capture hidden feature of the human dynamics when only local information are available and pave the way for new applications in upscaling problems beyond statistical ecology.
Our findings may have applications in different situations, spreading from resource management in emails to collective attention monitoring in Twitter and to language learning process in word databases. Let us see one example for each aforementioned context of how our framework could help in decision making processes related to different aspects of social activity network. Let us start from the resource managing application. Suppose an internet/email provider starts a campaign to increase customers; for instance the provider wishes to double the number of subscribers. Now, in order to predict if more resources (e.g. number of server in the email example) are necessary to supply the newly entered subscribers, the provider needs to infer the total amount of activity bursting thanks to these new users. Our method provides a possible solution to this inference problem. Indeed, by inverting eq. (3), which represents the well-known Species-Accumulation Curve in theoretical ecology, one obtains an analytical link between the total amount of activity (for instance number of sent emails) and the number of users. In particular, we see the activity does not grow linearly with the users, as one may naively guess. Thus, the information our framework provides on Species-Accumulation Curve, may help the provider to decide how many further resources are needed for the expected number of new users. Clearly, this knowledge is useful either to avoid money waste in case no further resources are required, or to provide new structures/servers in advance in order to safely support the user activity and not to loose unsatisfied customers. Moreover, being aware of how many new structures are needed also helps balance for profit their costs of installation, managing and maintenance with the price of subscriptions. A second application regards attention monitoring and information spreading. Nowadays social networks constitutes a fundamental source for spreading information and disinformation as well. They have being exploited to influence the mass opinion and attention in many different social context, from politics to economy [19] . It is enough to think about the influencer phenomenon arising in almost all social networks. In Twitter, popularity of a user may be read from the number of times a hashtag s/he initiated, appears in other users' tweets. In our ecological interpretation, hashtags represent a species, while the number of post associated to it, gives the species' abundance. Therefore, if the species s/he represents come to be part of the right tail of the RSA distribution, it constitutes one of the community dominant species and thus we can say s/he is popular, whereas if it comes to fall at the left tail of the RSA, it is a hyper-rare species, thus failing not having received the wished attention. However, in order to control someone's position within the global network, it is necessary to know which is the RSA at the whole community scale, a datum usually not provided by the social network manager organization. Twitter, for example, only releases information on the total number of tweets posted across time or, thanks to the Sample Tweets APIs or Decahose stream service, real-time random samples covering small percentages (up to 10%) of the total tweets. With this information, our framework offers the possibility to fully reconstruct the global RSA as well as to monitor how the number of popular hashtags scales from the monitored sample up to the whole activity network. This latter information may also be useful for governments or public administrations in general that want to communicate important news (health information, emergence procedures, elections etc...) to the citizens. In particular, our method allows to know the number of further tweets one eventually needs to effectively spread the information, allowing thus to undertake the proper measures (a bigger publicity campaign to obtain more followers, development of bot applications, etc.) to achieve the goal. The figure depicts the correspondence between species/individuals in a natural ecosystem and users/sent emails, hashtags/posts, words/occurrences in each one of the four datasets considered in the paper. Once the proper correspondence is established, natural and artificial RSAs can both be well described by a negative binomial distribution. As exemplified in the last column, human activity RSA curves all display a fit with a negative value of r in the interval (−1, 0), whereas natural ecosystems prefer r > 0. Finally, our theoretical framework may also be exploited in language learning process monitoring. For example, let us suppose to be learning a foreign speech. One may be interested in the number of books that are needed to be read in order to be sure to expand one's own vocabulary in order for it to cover a fixed percentage of all the speech words. The Species-Accumulation Curve emerging in this context thanks to our ecological correspondence between words/species and occurrences/abundances can thus been interpreted in a broader sense as a learning curve, where in the x-axis one has the total number of words encountered during the learning process (by dialogue experience, frontal lectures or personal readings) and where in the y-axis one has the number of different words he manages to properly exploit in her/his speech. Consider the email senders' network where each node is a sender and a directed link from node A to node B an email issued from user A to user B. We set the identity of a sender to be the species and the sent emails to be the individuals of that species. For instance, if A has sent n emails then the species A has n individuals. An observer sampling a fraction p of the sent emails, can partially recover the network (top-left) and the RSA curve at the local scale p (bottom-left). Within our framework, this information suffices to infer the number of species and the RSA curve at the global scale p = 1 (bottom-right). In terms of the network, the number of species corresponds to the number of users or nodes and the RSA gives the degree statistics. In this sense, our method reveals network features initially unknown to the observer, and pertaining to the whole community activity (top-right). Moreover, we predict how the number of users increases with the number of links recorded, (i.e. the SAC curve in ecology), an information that may be used to optimize network design forecasting its growth.
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Local Scale (p*)
Global Scale (p = 1) Empirical RSA curves at global scale (p = 1) and local scale (p = 5%) are shown. RSA is scale-free in all the four datasets analyzed, with an heavy-tailed form maintained through different human activities and different scales. RSA scale-invariance property allows for a successful implementation of our theoretical framework. In particular, our model predicts that the heavy-tail exponent α is related to the RSA clustering parameter r via the relation α = 1 − r (see Supplementary Section S2.2). In each plot, for a visual inspection, we inserted a black line with slope −α = −1 +r, wherer have been obtained by fitting the local patterns at p = 5% through a negative binomial (see also Table 1 ). We can see that such lines describes very well the heavy-tail regime of the empirical RSAs at both local and global scale in all four cases. For the fitting curves and the predicted RSA patterns, see Supplementary Figure S1 . 
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Twitter p = 1 p = 5% p = 1 p = 5% p = 1 p = 5% p = 1 p = 5% α = 1.795 α = 1.543 α = 1.426 α = 1.824 Table 2 : Percentage errors for popularity change predictions in Twitter database. For fixed L = 25 and different values K (first and second column), we estimated, from ten different Twitter sub-samples, the number of species having abundance at least K at the unobserved scale 1−p * = 95% given that they have abundance at least L at the sampled scale p * = 5% via estimator (4) . The average true number of species S 1−p * (≥ K| ≥ L) and the average one predicted by our method among the ten sub-samples are displayed in the third and fourth columns. Finally, in the last two columns, we inserted the mean and the variance of the relative error obtained in the ten predictions. Similar results have been obtained for other values of L (see Supplementary Table 2) . Supporting Information
S1 Datasets
The databases concerning human activities analyzed in the study are four: Emails, Twitter, Wikipedia and Gutenberg. Here we give a brief description of the data. For further details, see Table 1 in the main article or Supplementary Tab. S3. In the following we will refer repeatedly to species and individuals. Although these are natural concepts in ecology, in this new context of human activities we need to state clearly what we treat as species and what we consider individuals. To start, consider the senders activity network where each node is a sender and a directed link from node A to node B represents an email issued from user A to user B. We set the identity of a sender to label the species and the number of sent emails to be the individuals pertaining to a species. Thus, for instance, if user A has sent n emails we say that the species A has n individuals. In a similar manner, it is possible to set a correspondence between species/individuals and human activities for the three other considered datasets. Throughout the paper we use the following settings. In the Twitter database, hashtags play the role of species and the number of different tweets containing a certain hashtag represents its population size. For Wikipedia pages and Gutenberg book collection, each word is a different species while its abundance is given by the number of occurrences of that word in the dataset.
Emails
This dataset is a collection of almost 7 millions emails, that corresponds to the activity of a Department of the University of Padova during two years: 2012 and 2013. The collected data are in the form {sender, receiver, timestamp}. For our analysis, we select the first column of the table.
Senders play the role of species, and each email is labelled with the name of the sender [7] .
Wikipedia
Our data represents all words contained in a collection of Wikipedia pages. We label each different word with a different number. Note that the same word always maintain its correspondence to the same number, regardless of the Wikipedia page it belongs [29] .
Gutenberg
Similar to Wikipedia, the dataset consists again of a collection of words belonging to some books. We collected words and abundances in the same way as we did for Wikipedia [29] .
Twitter
Our dataset consists of a We denote with N the total population size, and with S the number of different species. The Species Abundance Distribution (SAD) at a subscale p depicts the number of species in a subpopulation of size pN that consist of a certain number n of individuals. In the following we will quote as RSA its probability distribution, denoted by P (n|p). Consider now the whole system, i.e. the entire population. We assume that, at the global scale p = 1, the RSA is proportional to a negative binomial distribution with parameters r and ξ. It reads: P (n|1) = c(r, ξ) · P(n|r, ξ) for n ≥ 1 (5) where P(n|r, ξ) is the well known negative binomial density function with parameters ξ and r, i.e. P(n|r, ξ) = n + r − 1 n ξ n (1 − ξ) r and the normalizing factor c(r, ξ) takes into account the fact that each of the existing S species at the global scale consists of at least one individual:
Through the paper we always consider the generalized Negative Binomial distribution with ξ ∈ (0, 1) and r ∈ R + where the binomial coefficient is expressed by means of Gamma functions, i.e. n+r−1 n = Γ(n+r) Γ(n+1)Γ(r) . The reason why we chose to model the RSA with a Negative Binomial will be clear in few lines. For the moment, let us anticipate that Negative Binomial has two properties that are essential for the development of our estimators: it is form invariant (see Section S2.3) and, varying the values of ξ and r, it can well describe different tail behavior from exponential to power-law (see Section S2.4).
S2.2 Power Law tails of N B(r, ξ) with r ∈ (−1, 0)
Negative binomial density function with parameters ξ and r > 0 results to capture very well empirical RSA patterns in tropical forests [28, 27] . The observed RSAs in the analyzed humanactivity databases, although displaying a similar universal character, do show a different behavior, being characterized by heavy tails which was not for RSA in tropical forests (see Supplementary  Fig. S5 and Figure 3 of the main text). These heavy tails of the observed RSAs cannot be captured by a standard negative binomial distribution with r ∈ R + . Nevertheless, they can be accommodated when allowing the clustering parameter r to take negative values, r ∈ (−1, 0), thus enabling us to adapt and generalize the theoretical work of [28] to portray regular statistics for human activities and to use activity information on local scale to predict hidden features of the human dynamics at the global scale. We wish to show now that this extension of the parameter region reflects in a power-law behavior of the RSA's tail with an exponential cutoff, which well describes the observed patterns in human activities. We point our that both the parameters intervene in the shape of the RSA, being r responsible for the power-law tail with exponent α = 1−r and ξ for the position of the exponential truncation of the distribution. Note that, although this section is purely theoretical, the predicted exponent α = 1 − r matches very well our findings when we empirically fit the data. We start by considering our truncated negative binomial distribution of parameters r and ξ:
The following theorem holds true [32, 6] .
Theorem S2.1. Let Y (z) be the generating function of a discrete random variable having probability mass function P
then the distribution P Y (n) satisfies
where Γ(·) is the Gamma function.
We wish to apply this theorem to our truncated negative binomial distribution. Let us first recall that a singularity of a complex function is a point in the complex plane where the function is not analytic. Examples are poles, square-root branch points and branch cuts. We now start by examining the probability generating function:
Observe that P (n) is given in (6) , and that the normalizing factor c(r, ξ) does not play any significant role. This is due to the fact that we wish to investigate the singularities of Y (z) and thus the factor c(r, ξ) does not affect the result. Moreover, the tail of a truncated negative binomial is exactly the same of a standard negative binomial, hence we simply disregard of the truncation and conduct the analysis for a standard negative binomial.
Since we aim at finding the lowest-norm singularity of the probability generating function Y (z), we proceed with the computation by replacing the term P (n) in (9) with its definition:
For zξ < 1, i.e. for z < 1 ξ , the sum converges to 1 as we are summing over N the marginals of a standard negative binomial with parameters r and zξ. Thus we are left with
It turns out that Y (z) has a singularity at z = 1/ξ. We now wish to express Y (z) as in (7) to apply the theorem. In our case:
where we set β = −r and R Y = 1 ξ . Thus, Theorem (S2.1) provides a characterization of the tails of the (truncated) negative binomial:
Note that, since ξ < 1 and r − 1 < −1, we have that both the exponential and the power-law approach zero when n increase to infinity. Hence the distribution resembles a power-law until n is of order ln(n) · r−1 ln(ξ) . The cutoff thus depends both on r and on ξ. In particular, the power-law range is greater for sharper slopes, i.e. for bigger absolute values of r − 1, and for values of ξ approaching 1.
S2.3 Scale Invariance of the RSA
Zooming at a sub-scale p, i.e. considering a subpopulation of size pN , we will recover S p ≤ S species. Note that S p may depend on which pN individuals we select, i.e. different samples of the same size may lead to different values of S p . We wish to derive the distribution of the local RSA P (k|p) under the hypothesis of random sampling. Under random sampling, it can be proven that, if the RSA at the global scale is distributed according to (5) , then the local RSA at scale p is again proportional to a negative binomial, with rescaled parameter ξ p and same r:
The fact that the RSA maintains the same functional form at different scales will be central in our framework. We will refer to this property as scale-invariance. We wish now to prove that this is indeed the case. Suppose that a species consists of n individuals among the whole population. Under random sampling, the conditional probability that the species has k individuals at the sub-scale p, given that it has total abundance n at the global scale, is given by a binomial distribution of parameters n and p:
and P binom (k|n, p) = 0 if k > n. Let us now prove that the RSA at the local scale P (k|p) is indeed distributed according to (11) . We start by noticing that, in order to compute the probability that a species in the subpopulation has abundance k ≥ 1, we need to condition on the fact that the species has abundance n at the whole scale p = 1, and then to sum over n, i.e.
with ξ p given in (12) . For k = 0 we have
Our method proceeds as follows: after fitting the parametersξ p * andr from the empirical RSA observed at a local scale p * , by inverting (12) we upscale them so to obtain an estimation of the global parameterξ at p = 1. The formula reads explicitly:
Note that this scale invariance holds between any two scales q ≤ p. Indeed, from
we obtain
.
With the same argument, for any q ≥ p it holds
Hence what really matters is the relative ratio of the two scales. Our goal is now to estimate the global biodiversity of the community.
S2.4 Estimator for the total number of species and SAC
We proceed now in the description of our procedure. Recall that our method uses only the information we can infer from a sub-sample at some scale p * . Therefore, we only have information on the abundances of the S p * species present in the surveyed area. We now wish to determine the relationship between the total number of species S in the entire population, i.e. at p = 1, and the number of observed species at the sub-scale p * . Note that the probability that a species of the existing S has null abundance at scale p * corresponds to the fraction of unsurveyed species. Hence we obtain
Arranging the latter equation, we get a formula to predict the total number of species:
Thus we derived a formula to estimate the total number of species given a sub-sample at scale p * . Note that we can do more. By sub-sampling at sub-scales q ≤ p * we can measure directly S q . For any q ∈ (p * , 1) we can apply the same chain of equations with some slight modification to estimatê S q . To be precise, for any q ≥ p * we obtain
Hence we obtained an explicit formula describing the behavior of the Species-Accumulation Curve (SAC) for every q ≤ 1. Moreover we can express the RSA at the global scale by plugging the estimated parametersξ and r into (5).
S2.5 Popularity and abundance variation through scales
The second innovation that we are going to introduce in our work is a method to estimate the variation of popularity. Note that until now we studied the distribution of the abundances of the observed species at the local scale, but we estimated only the number of unseen species, disregarding of their abundances. Before getting to that, we wish to recall our previous findings using a more detailed notation which turns out to be essential in the following.
Definition S2.2. For every s = 1, ..., S, we indicate with n p * s , n 1−p * s the abundance of the species s in the observed (resp. unobserved) fraction p * (resp. 1 − p * ) of the population.
• First, we need to introduce a statistics:
• Let us compute the mean of the above statistics:
• Arranging the latter equation, we can isolate the quantity we are interested to estimate:
• An estimator of S is obtained replacing the mean E [S p * ] by the observableŜ p * :
With no surprise, we recover the same result as in (16) . We wish to stress that this new formulation allows us to push further our investigation, as we are going to show.
We wish now to apply the same procedure to different statistics.
Recall that we are sampling S p * species at scale p * from a pool consisting of N individuals spread into S different species. If a species s is not observed in the sample at scale p * , we say that s is a "new" species. The meaning of this definition can be easily explained. If you imagine to further sample your population, you can pick individuals belonging to species already observed or you can discover indeed "new" species. Consider then the following statistics for the new species:
The following chain of equality turns out to be meaningful in the following:
We can recover an estimator for the "new" species from the known estimator for S. This remark seems trivial, and the chain of equation above appears redundant. Nevertheless, it is crucial for the development of our work. We stress that the statistics S new 1−p * uses both the information at the sample scale p * and the information contained in the unseen fraction of the population 1 − p * , whereas the statistics for S p * only consider the observed individuals. Given now the statistics (20) representing the number of unobserved species in the sample of size p * , which are instead present in the remaining population of size 1 − p * , We wish to recover an estimator for the new species. We thus compute the expected value of the statistics S new 1−p * :
The expected value turns out to be a product of two factors: P (k = 0|p * ) = P(n p * s = 0), which can be computed via (11) , and S, a quantity we can estimate throughŜ = S p * 1−P (k=0|p * ) as derived in (19) . Hence we derived the following estimator:
This procedure captures the techniques that we wish to use to derive more estimators. This turning point leads us to new statistics that consider also the popularity.
Let us start from the statistics:
Note that if we get an expression for S new 1−p * (l), than we could easily extend the result to
Moreover, results from the previous section can be included here, simply noticing that:
We proceed as before by computing the expected value: , where we used, to pass from n 1−p * s to n 1 s in the third equality, the fact that P n p * s = x, n 1−p * s = y = P n p * s = x, n 1 s = x + y .
Let us note now the following facts:
• P n p * s = 0|n 1 s = l = (1 − p * ) l , from the sampling binomial distribution.
• P n 1 s = l = P (l|1) is given by (5) .
• S is unknown, and we need an estimator for it.
Again, we can use the results of the previous subsection to defineŜ = S p * 1 − P (k = 0|p * ) and hence to obtainŜ
which is the estimator for the new species with abundance l. Thus, as a first partial result, we obtained an estimator for the popularity of the new species.
Let us now consider the statistics:
which represents the number of species having contemporarily abundance l at the observed scale p * and abundance k at the unobserved scale 1 − p * . Note that we can compute also intervals of abundances by summing on different values of l and k. We proceed by computing the expected value: . Now we have the following:
• P n p * s = l|n 1 s = k + l = k + l l p * l (1 − p * ) k , from the sampling binomial distribution;
• S is unknown. However, we can estimate it viaŜ = S p * 1 − P (k = 0|p * ) .
Hence we obtained
EstimatorŜ 1−p * (l → k) above infers the number of species with abundance l at the observed scale p * and abundance k at the unobserved scale 1 − p * . Note that this estimator is independent of the the number of species with abundance l at scale p * ; indeed, we are using the sample at scale p * only to estimate the parameters ξ p * and r, which we need to predictŜ. Hence we are only using partial information at the local scale.
We wish now to take into account the information about the number of species with abundance l at the surveyed scale, S p * (l).
In particular, we are looking for an estimator of the species with abundance k in the unobserved fraction 1 − p * of the population, given that they have abundance l in the sample at observed scale p * . We thus define S p * (l) := S s=1 1 {n p * s =l} . In the following we will need to use quantities of the type P(n 1−p * s = k|n p * s = l). Using Bayes' theorem, we obtain
Note that we all the probabilities appearing in the latter formula are known, since:
negative binomial distribution as in (5) of parameters r and ξ;
• P n p * s = l = P (l|p * ) = c(r, ξ) l + r − 1 l ξ * l p (1 − ξ p * ) r is again a truncated negative binomial with rescaled parameter ξ p as in (11) .
Let us now retrace the same steps as forŜ 1−p * (l → k) for the conditional estimatorŜ 1−p * (k|l). We start from the statistics We proceed by computing the expected value E [S 1−p * (k|l)] = S p * (l) · P n 1−p * s = k|n p * s = l = S p * (l) · P n p * s = l|n 1 s = k + l P n 1 s = k + l P n p * s = l .
Note that empirically P n p * s = l = S p * (l)/S so that we can recover E [S 1−p * (l → k)] . Let us now insert into the above formula the probabilities computed by using the fitted parameters:
where the terms c(r,ξ) in the numerator has cancelled out with the one at the denominator. EstimatorŜ 1−p (k|l) is theoretically unbiased. Note that, again, we can pass from punctual estimation to cumulative ones, by the summing up over all values l and k above fixed thresholds L and K, respectively:
and this is exactly the estimator we are going to test in our database.
S3 Additional results and figures
In this section we collect results not presented in the main text. 
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Gutenberg p = 1 p = 5% p = 1 p = 5% p = 1 p = 5% p = 1 p = 5% fit prediction fit prediction fit prediction fit prediction Supplementary Fig. S4 : Best-fit and upscaling predicted pattern from sample scale p * = 5%. Empirical RSA curves at global scale (p = 1) and local scale (p * = 5%) are shown. In each panel, coloured lines over the local RSA represent the distribution obtained via a best-fit of the empirical pattern with a negative binomial with r ∈ (0, 1). Lines over the global RSA represent our prediction for the RSA at the global scale obtained via our upscaling equations for both the parameters and the biodiversity.
S3.1 Upscaling results from sample scale p * = 3%
In the main text we showed the results we obtained with our upscaling method when sampling a fraction p * = 5% of the four databases. We performed the same tests also for a local scale p * = 3%, with similar results. First of all, as shown in Supplementary Fig. S5 , also for the case p * = 3% we observe the scale invariance property of the empirical RSAs for all the human activity datasets considered. Moreover, as for p * = 5%, we tested the reliability of estimator (16) in predicting the total number of species in the social networks when only a random portion of them is extracted. Supplementary Tab. S3 displays the relative percentage error we obtained for the different databases together with the total dataset composition and the values of the parameters fitted from the empirical RSAs at p * = 3%. 
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Wikipedia p = 1 p = 1 p = 1 p = 1 p = 3% p = 3% p = 3% p = 3% Supplementary Fig. S5 : Universality and form invariance of the empirical RSAs. Empirical RSA curves at global scale (p = 1) and local scale (p * = 3%) are shown. RSA is scalefree in all the four datasets analyzed, with a power law form maintained through different human activities and different scales. RSA scale-invariance property allows for a successful implementation of our theoretical framework.
S3.2 Upscaling results for popularity change
In the main text we exhibited in Table 2 the results for the predictions of popularity (via the conditional estimator 24) in the unsurveyed fraction 1 − p * = 0.95 of the population for a fixed value of the local popularity threshold L = 10. In Supplementary Tab. S4 we show the results obtained for different values of L and K.
S3.3 Local Analysis
We also tested how estimator (16) performs on different spatial sub-scales. In this case, due to the huge amount of data, we chose to work with a smaller datasets for a systematic analysis. In particular, we consider as global four sub-samples of the original datasets each covering a fraction p * = 5% of the total amount of data (see Supplementary Fig. S6 ). We then randomly sub-sampled the smaller resulting database at different scales p * * ranging from 10% to 90% and applied our framework to predict the number of species observed at p * . In Supplementary Fig. S6 , bottom panels, we displayed the relative percentage error graphs between the predicted number of species,Ŝ * , and the true number, S * , from local information at the different sub-scales p * * . We see that, for all datasets and sub-scales, our method always led to an error below 5%. Moreover, it displays an intuitive decreasing behavior as the available information increases, a desirable property for an estimator. We performed the same analysis also starting from a sample at the scale p * = 3%, obtaining comparable results (see Supplementary Fig. S7 ). Supplementary Tab. S3: Predicted relative errors. Upscaling results for the number of species of the four analysed datasets from a local sample covering a fraction p * = 3% of the global database. For each database, we display the number of species (users, hashtags, words) and individuals (sent mails, posts, occurrences) at the global scale, together with the fitted RSA parameters at the sampled scale and the relative percentage error between the true number of species and the one predicted by our framework.
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Supplementary Tab. S4: Percentage errors for popularity change predictions in Twitter database. For different values of L = 10, 40, 55 and different values of K(first and second column), we estimated, from ten different Twitter sub-samples, the number of species having abundance at least K at the unobserved scale 1 − p * = 95% given that they have abundance at least L at the sampled scale p * = 5% (see estimator 4 of the main text). The average true number of species S 1−p * (≥ K| ≥ L) and the average one predicted by our method among the ten sub-samples are displayed in the third and fourth columns. Finally, in the last two columns, we inserted the mean and the variance of the relative error obtained in the ten predictions. Fig. S6 : Relative percentage errors at different sub-scales from p * = 5%. Starting from a sub-sample at p * = 5% of each human activity database, we sub-sampled it at different spatial sub-scales p * * ∈ {10%, . . . , 90%} and computed the relative percentage error between the number of predicted species,Ŝ * , and the true number of species, S * , observed in the sample at p * , here considered as the global scale (p * = 1.) 10% 20% 30% 40% 50% 60% 70% 80% 90% -1 
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Gutenberg Supplementary Fig. S7 : Relative percentage errors at different sub-scales from p * = 3%. Starting from a sub-sample at p * = 3% of each human activity database, we sub-sampled it at different spatial sub-scales p * * ∈ {10%, . . . , 90%} and computed the relative percentage error between the number of predicted species,Ŝ * , and the true number of species, S * , observed in the sample at p * , here considered as the global scale (p * = 1.) 10% 20% 30% 40% 50% 60% 70% 80% 90% 
